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Abstract. Recently, J. D. Lawson encouraged the domain theory community to consider
the scientific program of developing domain theory in the wider context of T0-spaces instead
of restricting to posets. In this paper, we respond to this calling by proving a topological
parallel of a 2005 result due to B. Zhao and D. Zhao, i.e., an order-theoretic characterisation
of those posets for which the Scott-convergence is topological. We do this by adopting a
recent approach due to D. Zhao andW. K. Ho by replacing directed subsets with irreducible
sets. As a result, we formulate a new convergence class I in T0-spaces called Irr-convergence
and establish that a sup-sober spaceX is SI−-continuous if and only if it satisfies ∗-property
and the convergence class I in it is topological.
1. Introduction
Domain theory can be said to be a theory of approximation on partially ordered sets.
There are two sides of the same domain-theoretic coin: the order-theoretic one and the
topological one. On the order-theoretic side, the facility to approximate is built in the
ordered structures via approximation relations, and here domain is the generic term that
includes all ordered structures that satisfy some approximation axioms. On the topological
side, approximation can be handled by topology ; more precisely, using net convergence.
Two famous results of D. S. Scott [15] epitomise this deep connection between domains
and topology: (1) A space is injective if and only if it is a continuous lattice with respect
to its specialization order. (2) The Scott-convergence class in a directed complete partial
order (dcpo, for short) P is topological if and only if P is continuous (furthermore, in a
continuous dcpo, the Scott topology induces the Scott convergence). The second result
was later generalised by B. Zhao and D. Zhao ([21]) to the setting of posets which are
not necessarily dcpo’s. We highlight to the reader that, in [21], the terminology “lim-inf
convergence” is used instead of “Scott-convergence”. The latter seems more suitable to use
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since the former is a bit misleading, because in [8], which is the modern dominant source for
Domain Theory, lim-inf convergence is more related to the Lawson than the Scott topology
(see [8, Theorem III-3.7]). The terminology “Scott-convergence” was used in [5] in which
the fact that “a poset P is continuous if and only if all the sets և x are directed and
the Scott-convergence class in P is topological” is proved by considering filter convergence
rather than net convergence (see [5, Theorem 2.13]).
In an invited presentation1 at the 6th International Symposium in Domain Theory, J.
D. Lawson gave further evidence from recent development in domain theory to illustrate this
intimate relationship between domains and T0-spaces. In particular, it was pointed out that
“several results in domain theory can be lifted from the context of posets to T0-spaces”. For
example, (1) the topological technique of dcpo-completion of posets [19] can be upgraded
to yield the D-completion of T0-spaces (i.e., a certain completion of T0-spaces to yield d-
spaces) [13], and (2) an important order-theoretic result known as Rudin’s lemma [7], which
is central to the theory of quasicontinuos domains, has a topological version [10].
In this paper, we respond (in a small way) to Lawson’s call to develop the core of
domain theory directly in topological spaces by establishing a topological parallel of the
aforementioned result due to B. Zhao and D. Zhao ([21, Theorem 2.1]). To prove a parallel
topological result of this, we adopt the recent approach in [20] by replacing directed subsets
with irreducible subsets. The motivation for their approach is based on the observation that
the directed subsets of a poset are precisely its Alexandroff irreducible subsets. Based on
this replacement principle, we invent topological analogues of the usual domain-theoretic
notions: (i) a new way-below relation≪Irr on a T0-space, (ii) some new notions of continuity
of spaces, and (iii) a new net convergence class I on a given topological space X.
Working with the so-called irreducible-directed replacement principle have a connection
with the concept of subset system Z introduced in [17]. The Z-theory in partially ordered
sets have been studied extensively in the last few decades (see, e.g., [1], [2], [6], [16], [18]).
In light of this theory, the replacement principle here may be saved for a particular subcol-
lection Z in the realm of T0-space. Moreover, this generalization would correlate the theory
of Z-(quasi)continuous posets and their topological aspects.
In this paper, the notion of sup-sobriety is heavily involved. Thi notion, which was first
introduced in [20] as a generalisation of bounded-sobriety ([14]), has close connections with
irreducibly-derived topology mentioned in [20]. Because little is known about this kind of
sobriety, it is one of the purposes of this paper to give a slightly better understanding of it
in relation to net convergence.
We organise this paper in the following way. In Section 2, we summarise some of the
recent results reported in [20] that are essential in our ensuing development. These results
concern the irreducibly-derived topology defined using irreducible sets of the underlying
topology X and sup-sober spaces. In Section 3, we focus in some result in some continuities
of a space. In Section 4, we introduce the new convergence class I defined in any T0-space
X and present some of its elementary properties. Finally, we focus our development of the
convergence class I on sup-sober spaces and prove the main characterisation theorem which
we advertised in the abstract.
1This talk bears an extra-terrestrial title of “Close Encounters of the Third Kind: Domain Theory Meets
T0-Spaces Meets Topology”.
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2. Irreducibly derived topology
A nonempty subset E of a topological space (X, τ) is irreducible if for any closed sets A1
and A2, whenever E ⊆ A1 ∪ A2, either E ⊆ A1 or E ⊆ A2. The family of all irreducible
subsets of X is denoted by Irrτ (X) or Irr(X) whenever it is clear which topology one is
referring to.
It is often useful to check the irreducibility of a set using open sets, i.e., a nonempty
set E is irreducible if and only if for any open sets U1 and U2, if E ∩Ui 6= ∅ (i = 1, 2), then
E ∩ U1 ∩ U2 6= ∅. Regarding irreducible sets, here are some elementary properties:
Proposition 2.1. For any given topological space (X, τ), one has:
(1) E ∈ Irrτ (X) if and only if cl(E) ∈ Irrτ (X).
(2) The continuous image of an irreducible set is again irreducible.
(3) If ν is some other topology on X with ν ⊆ τ , then Irrτ (X) ⊆ Irrν(X).
Every T0-space (X, τ) can be viewed as a partially ordered set via its specialisation order,
denoted by ≤τ , where x ≤τ y if x ∈ clτ (y). Henceforth, all order-theoretical statements on
a T0-space refer to the specialisation order on the space. For any subset A of a T0-space
(X, τ), the supremum of A, denoted by
∨
τ A, is the least upper bound of A with respect to
the specialisation order ≤τ of X. We denote the set of all irreducible subsets of X whose
supremum exists by Irr+τ (X). The subscript “τ” shall be removed from the denotations
whenever it is clear which topology one is referring to.
A topological space X is sober if every irreducible closed set is the closure of a unique
singleton. All Hausdorff spaces are sober and all sober spaces are T0. The Scott space
of any continuous domain is sober. A weaker form of sobriety is that of bounded-sobriety
which requires that every irreducible closed set which is bounded above with respect to the
specialisation order is the closure of a unique singleton. Notice that, as a specialisation
order is involved, a bounded sober space needs to be T0 at the first place. Bounded-sober
spaces have been studied in [14] and [19]. A yet weaker form of sobriety is that of sup-
sobriety. A T0-space is sup-sober if every closed set F ∈ Irr
+(X) is the closure of a unique
singleton, in this case F is exactly cl{
∨
F}. Every T1-space is sup-sober. Every poset P is
sup-sober with respect to its upper topology, i.e., the coarsest one generated by sets of the
form P\ ↓ x, x ∈ P . All continuous posets are sup-sober with respect to the Scott topology,
yet a sup-sober space is not necessarily continuous as witnessed by Johnstone’s space ([11]).
Directed subsets play a central role in domain theory. Directed subsets of a poset can be
characterised topologically. Recall that the Alexandroff topology on a poset P consists of all
upper sets. The directed subsets of P are precisely the Alexandroff irreducible subsets. The
Scott topology is a coarsening of the Alexandroff topology in that every Scott open set is
required to be an upper set and in addition inaccessible by directed suprema. By replacing
the directed sets by irreducible sets in the definition of a Scott open set, D. Zhao and W. K.
Ho defined for any T0-space (not just poset) a coarser topology called the irreducibly-derived
topology that mimics the Scott topology on a poset. More precisely, let (X, τ) be a T0-space
and U ⊆ X, define U ∈ τSI if
(1) U ∈ τ , and
(2) for every E ∈ Irr+τ (X),
∨
E ∈ U implies E ∩ U 6= ∅.
It can be easily verified that SI(X, τ) := (X, τSI) is a topological space whose topology is
coarser than (X, τ). An open set in SI(X, τ) is called SI-open and the interior of a subset
A of X with respect to τSI is denoted by intSI(A).
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Because the Scott-like topology τSI is derived from a topology τ on the same set X, we
sometimes refer to τSI as the Scott derivative of τ .
Proposition 2.2. [20] Let (X, τ) be a T0-space. Then the following hold:
(1) The specialisation orders of spaces (X, τ) and SI(X, τ) coincide.
(2) A closed subset C of (X, τ) is closed in SI(X, τ) if and only if for every E ∈ Irr+τ (X),
E ⊆ C implies
∨
E ∈ C.
(3) An open subset U of (X, τ) is SI-open if and only if for any closed set E ∈ Irr+τ (X),∨
E ∈ U implies E ∩ U 6= ∅.
(4) A subset U of X is clopen in (X, τ) if and only if it is clopen in SI(X, τ).
(5) (X, τ) is connected if and only if SI(X, τ) is connected.
Example 2.3. Let P be a poset endowed with the Alexandroff topology α(P ). Since the
irreducible sets in (P,α(P )) are precisely the directed ones, it is clear that SI(P,α(P )) =
Σ(P ), where Σ(P ) is the set P endowed with the Scott topology on P .
In general, the Scott topology of a given poset does not coincide with its Alexandroff
topology. For example, in the set R of all real numbers equipped with the usual order,
sets of the form [x,∞) are Alexandroff open but not Scott open. We shall now look at
those spaces which are equal to their Scott derivatives. A T0-space (X, τ) is said to satisfy
SI∞-property if τ = τSI .
Given T0-space (X, τ), one can derive from it a space satisfying SI
∞-property. Let
(X, τ) be a T0 space and α an ordinal. We define by transfinite induction a topological
space Xα on X as follows:
(1) X0 := (X, τ);
(2) Xα+1 := SI (Xα);
(3) If α is a limit ordinal, then Xα is the space on X whose topology is the intersection of
all topologies Xβ , where β < α.
Since (Xα)α is a sequence of increasingly coarser topologies on X, there is a smallest ordinal
γ(X) such that the topology on Xα coincides with that on Xγ for all α ≥ γ(X). We denote
this Xγ(X) by X∞.
It is immediately clear by the definition that the following theorem holds.
Theorem 2.4. [20, Theorem 4.5] A T0-space X is sup-sober if and only if it satisfies SI
∞-
property.
3. Some continuities of spaces
Starting from this section, a topological space or a space refers to a T0-space, unless other-
wise mentioned.
In a space X, one defines a “new” way-below relation ≪Irr (called the Irr-way-below
relation) using irreducible subsets instead of directed subsets. Given x, y ∈ X, the Irr-way-
below relation is defined as follows:
x≪Irr y ⇐⇒ ∀E ∈ Irr
+(X). (
∨
E ≥ y) =⇒ (E ∩ ↑ x 6= ∅).
For a given x ∈ X, ևIrr x denotes the set {y ∈ X | y ≪Irr x}. The following properties of
Irr-way-below relation are as expected:
Proposition 3.1. In a space X the following hold for all u, x, y and z ∈ X:
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(1) x≪Irr y implies x ≤ y.
(2) u ≤ x≪Irr y ≤ z implies u≪Irr z.
(3) x ∈ intSI(↑ y) implies y ≪Irr x.
Using ≪Irr, we can now introduce the notion of Irr-continuous space – a topological
analogue of continuous posets.
Definition 3.2. A space X is said to be Irr-continuous if for every x ∈ X the following
hold:
(1) ևIrr x is irreducible and
(2) x =
∨
ևIrr x.
Remark 3.3. Our definition of Irr-continuous space differs from that of SI-continuous
spaces defined in [20, p.192] in that we choose to drop their first condition, i.e., for any
x ∈ X, the set ։Irr x := {y ∈ X | x ≪Irr y} is open in X, and weaken the requirement in
their second condition: from ևIrr x being directed to ևIrr x being irreducible. One also needs
to notice that sticking in the definition of SI-continuity from [20, p.192] will go contrary
to our original intention of developing domain theory in the wider contexts of topological
spaces and not restricted just to (continuous) posets. This is because of a result by M. Erne´
([4, Theorem 4, p.462]). That result asserts that a topological space is a weak C-space
(i.e., it is both a C-space and a weak monotone convergence space) if and only if it is
homeomorphic to the Scott space of some continuous poset. It was shown in [20, Theorem
6.4] that X is SI-continuous if and only if the derived topology SI(X) is a C-space. Because
SI(X) is always a weak monotone convergence space, it follows that the derived topology
on an SI-continuous space is homeomorphic to the Scott topology on some continuous poset.
With the absence of the first condition and weakened version of second condition, we
can still say a few things about Irr-continuous spaces in general.
Lemma 3.4. Let X be an Irr-continuous space. Then, for every x ∈ X it holds that
x =
∨⋃
{ ևIrr y | y ≪Irr x}.
Proof. Let Mx :=
⋃
{ ևIrr y | y ≪Irr x}. It is clear that x is an upper bound of Mx. Let u be
an upper bound of Mx. We shall show that u ≥ x for any upper bound u of Mx. Suppose
for the sake of contradiction that u  x. Then, by the Irr-continuity of X, x =
∨
ևIrr x
so that there exists y ∈ ևIrr x with y  u. Repeating the same argument we can find a
z ∈ ևIrr y such that z  u. But this is a contradiction to the fact that z ∈Mx and u is an
upper bound of Mx. Therefore, u ≥ x and this completes the proof.
Any domain theorist would know the price for weakening the second condition, i.e., one
loses the interpolating property of the Irr-way-below relation. Fortunately, within the scope
of our present study concerning sup-sober spaces, we can recover this loss.
Theorem 3.5. Let X be an Irr-continuous and sup-sober space. Then, ≪Irr enjoys the
interpolating property in that whenever z ≪Irr x, there exists y ∈ X such that
z ≪Irr y ≪Irr x.
Proof. We first show that Mx :=
⋃
{ ևIrr y | y ≪Irr x} is an irreducible subset of X. Let U1
and U2 be open inX such thatMx∩U1 6= ∅ andMx∩U2 6= ∅. Then there exist y1, y2 ∈ ևIrr x
such that y1 ∈ U1 and y2 ∈ U2. Since x is an upper bound of {y1, y2} and both U1 and U2
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are upper sets, x ∈ U1 ∩ U2. By Irr-continuity of X, x is the supremum of ևIrr x. Since
X is sup-sober, it enjoys the SI∞ property and so U1, U2 ∈ SI(X). Hence there exists
y ∈ ևIrr x such that y ∈ U1∩U2. Using a similar argument, there exists z ∈ ևIrr y such that
z ∈ U1∩U2. Therefore, there exists z ∈ X such that z ∈Mx∩U1∩U2. Consequently, Mx is
an irreducible subset of X. Now, let z ≪Irr x. Since Mx is irreducible and, by Lemma 3.4,∨
Mx = x, there exists w ∈ Mx such that z ≤ w. Hence there exists y ∈ X such that, by
virtue of Proposition 3.1, z ≪Irr y ≪Irr x holds as desired.
Example 3.6. The rational line Q := (Q,≤) with the Scott topology ΣQ is an Irr-continuous
sup-sober space which is not sober.
Another way to recover the interpolating property of the Irr-way-below relation is by
considering SI-continuity introduced in [20] but omitting the first condition. We define
SI−-continuity of spaces as follows:
Definition 3.7. A space X is said to be SI−-continuous if for every x ∈ X the set ևIrr x
contains a directed set whose supremum is x.
From the definition, one can see that every SI−-continuous space is Irr-continuous. This
is because in any space, directed sets are irreducible. In particular, in any poset endowed
with the Alexandroff topology on it, both notions of continuity are exactly the same.
An SI−-continuous space and Irr-continuous space shares a same property: For every
point x, ևIrr x contains an irreducible subset whose supremum is x. Unlike on an Irr-
continuous space, the Irr-way-below relation on an SI−-continuous space is interpolating,
regardless of whether it is sup-sober.
Proposition 3.8. On an SI−-continuous space, the relation ≪Irr enjoys the interpolating
property.
Proof. Let X be an SI−-continuous space and z, x ∈ X such that z ≪Irr x. By definition,
there exists D ⊆ ևIrr x such that D is directed and
∨
D = x. For each d ∈ D, we fix a
directed subset By of ևIrr y whose supremum is y. Now consider the set A =
⋃
{By | y ∈ D}.
Being a union of directed sets, A is directed, hence irreducible. The fact that X is SI−-
continuous gives
∨
A = x. We then have an element y′ ∈ A such that z ≤ y′. This gives
the existence of an element y ∈ X such that z ≪Irr y ≪Irr x.
An SI−-continuous sup-sober space satisfies a special property, that is, for every F ∈
Irr+(X) there exists a directed subset D of ↓ F such that
∨
F =
∨
D. We call such property
∗-property. It is given in [20, Lemma 7.4] that every C-space satisfies ∗-property. Recall
that a T0-space is a C-space if for every open set U and x ∈ U there exists y ∈ U satisfying
x ∈ int(U).
Proposition 3.9.
(1) Every Irr-continuous space satisfying ∗-property is SI−-continuous.
(2) Every SI−-continuous sup-sober space satisfies ∗-property.
Proof.
(1) The proof is immediate from the definition.
(2) Let X be a SI−-continuous sup-sober space and F ∈ Irr+(X). We then, by sup-
sobriety of X, have cl(F ) = cl({x}) where x =
∨
F . This implies ևIrr x ⊆ ↓ F . The
fact that X is SI−-continuous implies that there exists a directed subset D of ↓ F
whose supremum is x, as desired.
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At the end of this section, we shall present some results concerning continuities of
spaces. We first recall the definition of SI-continuous.
Definition 3.10. A space X is called SI-continuous if it is SI−-continuous and it satisfies
⊕-property, i.e., ։Irr x := {y ∈ X | x≪Irr y} is open in X for each x ∈ X.
In the definition of Irr-continuous, one can see that there is no much information about
the underlying topology. Imposing ⊕-property to a space may give us more information
regarding the topology on it. We shall call Irr-continuous space satisfying ⊕-property an
Irr+-continuous space.
Example 3.11. The space N endowed with a cofinite topology is a T1-space. Hence it is
Irr-continuous and sup-sober, yet it does not satisfy ⊕-property. This space is also obviously
not a C-space.
It is mentioned in [20, Theorem 6.4] that a space X is SI-continuous if and only if the
space SI(X) is a C-space. We shall show that, in the presence of sup-sobriety, the notions
of SI-continuity and Irr+-continuity are the same. In fact, for a sup-sober space, satisfying
one of the two continuities is equivalent with being a C-space.
Lemma 3.12. If X is a space such that SI(X) is a C-space, then X is Irr+-continuous.
Proof. For each x ∈ X, we define Sx = {y ∈ X | x ∈ intSI(↑ y)}. We first show that∨
Sx = x. For each y ∈ Sx we have x ∈↑ y, hence y ≤ x. Now let x  z. Since SI(X) is a
C-space and X− ↓ z is SI-open, there exists y0 ∈ X− ↓ z such that x ∈ intSI(↑ y0). We
have that y0 ∈ Sx and y0  z. Therefore
∨
Sx = x.
We next show that Sx is irreducible. Let U1 and U2 be opens inX such that Sx∩U1 6= ∅
and Sx ∩ U2 6= ∅. There exist y1 ∈ U1 and y2 ∈ U2 such that x ∈ intSI(↑ y1) and
x ∈ intSI(↑ y2), hence x ∈ intSI(↑ y1) ∩ intSI(↑ y2). Since SI(X) is a C-space, there exists
y3 ∈ intSI(↑ y1) ∩ intSI(↑ y2) ⊆ ↑ y1∩ ↑ y2 ⊆U1 ∩ U2 such that x ∈ intSI(↑ y3). We have
y3 ∈ Sx ∩ U1 ∩ U2 6= ∅. Hence Sx is irreducible in X.
If y ∈ Sx, then x ∈ intSI(↑ y). By Proposition 3.1 we have that y ≪Irr x. Thus
Sx ⊆ ևIrr x, implying that ↓ Sx ⊆ ևIrr x. Now let y
′ ≪Irr x. Since Sx is irreducible and
x ≤
∨
Sx, there exists y ∈ Sx such that y
′ ≤ y. Hence y′ ∈↓ Sx. Therefore ↓ Sx = ևIrr x. At
this point, we have that X is Irr-continuous.
Now if z ∈ ։Irr (x), then x ∈ ↓ Sz. There exists an element y ∈ X such that x ≤ y and
z ∈ intSI(↑ y). Hence z ∈
⋃
x≤y intSI(↑ y). If z ∈ intSI(↑ y) for some y ∈↑ x, we have that
x ≤ y ≪Irr z. Thus z ∈ ։Irr x. We have that
։Irr x =
⋃
y∈↑x
intSI(↑ y)
which gives ։Irr x is open, in particular irreducibly open.
One needs to to notice that the condition SI(X) is a C-space in Lemma 3.12 cannot
be replaced by X is a C-space. Indeed, there is a C-space which is not Irr-continuous, let
alone Irr+-continuous.
Example 3.13. Let T = {⊤,⊥, a, 1, 2, . . .} equipped with the partial order defined as follows:
⊥ ≤ x ≤ ⊤ for all x ∈ T and 1 ≤ 2 ≤ . . .. Consider the space T endowed with Alexandroff
topology. It is clearly a C-space. Notice also that the space is not Irr-continuous since
ևIrr a = {⊥}.
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Lemma 3.14. If X is an Irr+-continuous sup-sober space, then X is a C-space.
Proof. We first show that given x ≪Irr y, we have y ∈ intSI(↑ x). Let x ≪Irr y. Since the
relation ≪Irr is interpolating (in light of Theorem 3.5), there exist z1, z2, . . . , zn, . . . ∈ X
such that
x≪Irr . . .≪Irr zn ≪Irr . . .≪Irr z2 ≪Irr z1 ≪Irr y
By assumption, we have that the set V :=
⋃
i∈N ։Irr zi is an open set containing y. Moreover,
by its construction, V is also SI-open. We also have that for each i ∈ N, ։Irr zi ⊆ ↑ x.
Hence we have that y ∈ V ⊆ intSI(↑ x).
Let U be open in X and y ∈ U . By assumption, we have
∨
ևIrr y = y ∈ U . Since U
is inaccessible by suprema of irreducible sets, there exists x ∈ X such that x ≪Irr y and
x ∈ U . By the above result, we have that y ∈ intSI(↑ x). Therefore X is a C-space.
The condition that X satisfies ⊕-property in Lemma 3.14 is essential as witnessed by
the space given in Example 3.11. The following theorem is an immediate consequence of
Lemma 3.12, Lemma 3.14, and [20, Theorem 6.4].
Theorem 3.15. Let X be a sup-sober space. Then the following conditions are equivalent:
(1) X is Irr+-continuous.
(2) X is a C-space.
Corollary 3.16. In the presence of sup-sobriety, SI-continuity and Irr+-continuity are the
same notion.
4. Convergence class defined by irreducible sets
In a topological space, approximation can be described by means of net convergence. Let
X be a set. A net (xi)i∈I in X is a mapping from a directed set (I,≤) to X, where ≤ is
a pre-order on I. Real number sequences, for instance, are nets in the Euclidean space R.
Thus, nets can be viewed as generalised sequences. We denote the class of all nets in X by
ΨX.
For each x ∈ X, one can define a constant net by xi = x for all i ∈ I. Parallel to the
notion of subsequence, we have the notion of a subnet. A net (yj)j∈J is a subnet of (xi)i∈I
if (i) there exists a function g : J → I such that yj = xg(j) for all j ∈ J and (ii) for each
i ∈ I there exists j′ ∈ K such that g(j) ≥ i whenever j ≥ j′.
A convergence class S in a set X is a relation between ΨX and X. An element of S is
denoted by ((xi)i∈I , x) or sometimes (xi)i∈I
S
−→ x, in which case we say that the net (xi)i∈I
S-converges to x.
Every space (X, τ) induces a convergence class Sτ defined by
(xi)i∈I
Sτ−→ x ⇐⇒ ∀U ∈ τ. (x ∈ U) =⇒ xi ∈ U eventually.
Here, a property of a net (xi)i∈I holds eventually if there exist i0 ∈ I such that for all i ≥ i0,
the property holds for xi.
Given a set X and a topology τ on X, when (xi)i∈I
Sτ−→ x, we say that (xi)i∈I converges
to x with respect to topology τ . A convergence class S in a set X, is said to be topological if
there is a topology τ on X that induces it, i.e., S = Sτ . In fact, for a topological convergence
class, the topology inducing it is unique, which is an immediate consequence of the following
propostion
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Proposition 4.1. Let X be a set and τ and σ be topologies on X. Then τ ⊆σ if and only
if Sσ ⊆Sτ .
A special convergence class in a dcpo called the lim-inf convergence was first introduced
in [15]. Crucially, this convergence makes use of the directed sets. It was shown that the
lim-inf convergence class in a dcpo is topological if and only if the dcpo is a domain. Later
in [21], this lim-inf convergence was modified to create a new convergence class for a general
poset. Recall that in a poset P , a net (xi)i∈I converges to y provided that there exists a
directed subset D of eventually lower bounds of (xi)i∈I whose supremum belongs to ↑ y.
In that later paper, it was established that the new lim-inf convergence class in a poset is
topological if and only if the poset is continuous.
In this paper, we modify the preceding definition of convergence to suit the context of
a topological space by replacing the directed subsets with irreducible subsets.
Definition 4.2. Let X be a space. A net (xi)i∈I in X is said to Irr-converge to y ∈ P if
there exists E ∈ Irr+(X) such that
∨
E ≥ y and for each e ∈ E there exists k(e) ∈ I such
that for all i ≥ k(e) it holds that xi ≥ e. An instance of (xi)i∈I converging to x is denoted
by (xi)i∈I
Irr
−→ y.
Equivalently, (xi)i∈I
Irr
−→ y if and only if there exists an irreducible subsetE of eventually
lower bounds of (xi)i∈I and whose supremum exists and belongs to ↑ y.
Remark 4.3. In any set, the notions net convergence and filter convergence are equivalent
[3]. In this paper, we prefer to work with the former, different from that in [5]. Because of
this preference, our ensuing development will depends heavily on Kelley’s characterisation
of topological convergence class [12].
For a space X, the convergence class in X defined by
Irr
−→ is denoted by I. The rest
of this section is completely devoted to studying I and its relation with sup-sobriety and
continuities of spaces.
The following result characterises ≪Irr in terms of the convergence
Irr
−→.
Lemma 4.4. Let X be a space, (xi)i∈I be a net in X, and y ∈ X. Then xi
Irr
−→ y implies
for each x ∈ ևIrr y, there is k(x) ∈ I such that for each i ≥ k(x) it holds that xi ≥ x.
Furthermore, if X is either an Irr-continuous or an SI−-continuous space, then the converse
is true.
Proof. Let (xi)i∈I
Irr
−→ y and x ≪Irr y. Then one can find an irreducible set E such that
y ≤
∨
E and for each e ∈ E there exists k(e) ∈ I such that xi ≥ e for all i ≥ k(e). Using
the fact that x≪Irr y, we can find ex ∈ E such that x ≤ ex. Hence for all i ≥ k(ex) =: k(x)
it holds that xi ≥ x.
Conversely, if X is Irr-continuous or SI−-continuous, there exists an irreducible subset
E of ևIrr y such that
∨
E = y. The assumption asserts that for each x ∈ E there is k(x) ∈ I
such that if i ≥ k(x) then xi ≥ x. Therefore, (xi)i∈I
Irr
−→ y.
From [12], we know that a convergence class S in a set X is topological if and only if
it satisfies the following conditions:
(1) (Constants). If (xi)i∈I is a constant net with xi = x for all i, then
(
(xi)i∈I , x
)
∈ S.
(2) (Subnets). If
(
(xi)i∈I , x
)
∈ S and (yj)j∈J is a subnet of (xi)i∈I , then
(
(yj)j∈J , x
)
∈ S.
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(3) (Divergence). If
(
(xi)i∈I , x
)
/∈ S, then there exists a subnet (yj)j∈J of (xi)i∈I such that
for any subnet (zk)k∈K of (yj)j∈J ,
(
(zk)k∈K , x
)
/∈ S.
(4) (Iterated limits). If
(
(xi)i∈I , x
)
∈ S and
(
(xi,j)j∈J(i) , xi
)
∈ S for all i ∈ I, then((
xi,f(i)
)
(i,f)∈I×M
, x
)
∈ S, where M :=
∏
{J(i) | i ∈ I}.
We shall rely on this result in proving our main result of this paper.
Lemma 4.5. Let X be a space.
(1) The convergence class I in X satisfies the axioms (Constants) and (Subnets).
(2) If X is Irr-continuous or SI−-continuous, then I satisfies the (Divergence) axiom.
(3) If X is Irr-continuous and sup-sober, then I satisfies the (Iterated limits) axiom.
(4) If X is SI−-continuous, then I satisfies the (Iterated limits) axiom.
Proof.
(1) That I satisfies the (Constants) axiom is immediate. We now show that I satisfies the
(Subnets) axiom. Let
(
(xi)i∈I , x
)
∈ I. Then there exists an irreducible subset E of X
such that x ≤
∨
E and for each e ∈ E there exists k(e) ∈ I satisfying xi ≥ e for all
i ≥ k(e). Let (yj)j∈J be a subnet of (xi)i∈I , with yj = xg(j) for each j ∈ J . Then there
exists j′(e) ∈ J such that g(j) ≥ k(e) whenever j ≥ j′(e). Hence for every j ≥ j′(e) we
have yj = xg(j) ≥ e. Therefore,
(
(yj)j∈J , x
)
∈ I.
(2) Suppose
(
(xi)i∈I , x
)
6∈ I. By virtue of X being Irr-continuous or SI−-continuous,
there exists an irreducible subset E of ևIrr x such that
∨
E = x. Hence we can find
y ∈ E ⊆ ևIrr x such that for each i ∈ I one can find j(i) ∈ I satisfying j(i) ≥ i and
xj(i)  y. Define J := {j ∈ I | xj  y}. Then (xj)j∈J is a subnet of (xi)i∈I . For every
subnet (zk)k∈K of (xj)j∈J we have that zk  y. By Lemma 4.4,
(
(zk)k∈K , x
)
cannot
belong to I. Thus, I satisfies the (Divergence) axiom.
(3) We now prove that I satisfies the (Iterated limits) axiom. Let
(
(xi)i∈I , x
)
∈ I and(
(xi,j)j∈J(i) , xi
)
∈ I for all i ∈ I. Let y ≪Irr x. Since X is Irr-continuous and sup-
sober, by Theorem 3.5, the relation ≪Irr is interpolating. Then there exists z ∈ X such
that y ≪Irr z ≪Irr x. Applying Lemma 4.4 to the situation where xi
Irr
−→ x and z ≪Irr x,
there exists k(z) ∈ I such that xi ≥ z for all i ≥ k(z). We then have y ≪Irr xi for all
such i. Similarly, applying Lemma 4.4 to the situation where xi,j
Irr
−→ xi and y ≪Irr xi,
there exists g(i) ∈ J(i) such that if j ≥ g(i) then xi,j ≥ y.
Let M :=
∏
{J(i) | i ∈ I}. Define h ∈ M such that h(i) = g(i) if i ≥ k(z) and
h(i) is any element in J(i), otherwise. If (i, f) ∈ I ×M with (i, f) ≥ (k(z), h), then
f(i) ≥ h(i) ≥ g(i), hence xi,f(i) ≥ z. By Lemma 4.4, xi,f
Irr
−→ x. Therefore, I satisfies
the (Iterated limits) axiom.
(4) The proof is similar to (3) by considering Proposition 3.8 instead of Theorem 3.5 for
the “the relation ≪Irr is interpolating” part.
Lemma 4.5 above provides sufficient conditions for the Irr-convergence class I in a space
X to be topological.
Lemma 4.6. Let X be a sup-sober space and x ∈ X. If E is an irreducible subset of X
such that
∨
E ≥ x and E ⊆ ևIrr x, then ևIrr x itself is irreducible in X and has x as its
supremum.
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Proof. Let U1 and U2 be open in X such that ևIrr x ∩ U1 6= ∅ and ևIrr x ∩ U2 6= ∅. Then
there exist wk ∈ X (k = 1, 2) such that wk ≪Irr x and wk ∈ Uk. Since U1 and U2 are upper,
we have x ∈ U1 ∩U2. Further, since
∨
E ≥ x we have
∨
E ∈ U1 ∩U2. Since X is sup-sober,
U1 ∩ U2 is open in SI(X). This yields that there exists e ∈ E such that e ∈ U1 ∩ U2. By
assumption, e≪Irr x. Hence ևIrr x∩U1∩U2 is nonempty. We have that ևIrr x is irreducible
in X. Now let y be an upper bound of ևIrr x. Then y is also an upper bound of E. We
have that y ≥
∨
E ≥ x. Therefore,
∨
ևIrr x = x
Lemma 4.6 provides a tool to proof irreducibility of ևIrr x in a sup-sober space which
was one of our initial intention. Bearing in mind that irreducible sets are not necessarily
directed (but yet indices of nets are required by definition to be directed sets with respect
to some pre-ordering), we are unable to directly deduce Irr-continuity or SI−-continuity of
a sup-sober space from the assumption that the Irr-convergence class in it is topological.
However, if we assume further that the space satisfies the ∗-property the Irr-convergence
being topological will indeed imply that the space is both Irr-continuous and SI−-continuous.
Lemma 4.7. Let X be sup-sober space which satisfies ∗-property. If I satisfies the (Iterated
limits) axiom then X is both, Irr-continuous and SI−continuous.
Proof. Let x ∈ X and Fx = {{xi,j}j∈J(i) | i ∈ I} be the family of all directed subsets of X
whose supremum exists and is greater than or equal to x. The family Fx is nonempty since
{x} is in it.
For each i ∈ I, let xi := sup{xi,j | j ∈ J(i)}. Then xi ≥ x for all i ∈ I. Since the set
{x} ∈ Fx, we have inf{xi | i ∈ I} = x. We define a pre-order ≤ on I as follows: i1 ≤ i2 for
any i1, i2 ∈ I. We have that I is directed and the net (xi)i∈I Irr-converges to x; just take
{x} as the irreducible set satisfying the definition.
For all i ∈ I, define a pre-order ≤ on J(i) as follows: j1 ≤ j2 if and only if xi,j1 ≤ xi,j2 .
We then have J(i) is a directed set and the net (xi,j)j∈J(i) Irr-converges to xi; just take
{xi,j | j ∈ J(i)} as the required irreducible set.
LetM :=
∏
{J(i) | i ∈ I}. By assumption, we have that the net
(
xi,f(i)
)
(i,f)∈I×M
Irr
−→ x.
Thus, we can find an irreducible set E such that
(1)
∨
E ≥ x and
(2) for each e ∈ E, xi,f(i) ≥ e eventually.
We now show that E ⊆ ևIrr x. Let e ∈ E and K be an irreducible set with
∨
K ≥ x.
Since X satisfies ∗-property, there exists a directed set D such that D ⊆ ↓ K and
∨
D =∨
K ≥ x. By definition of Fx, there exists i0 ∈ I such that D = {xi0,j | j ∈ J(i0)}. Since
xi,f(i) ≥ e eventually, there exists (ie, fe) such that i xi,f(i) ≥ e whenever (i, f) ≥ (ie, fe).
By the definition of the pre-order defined on I, i0 ≥ ie holds. Hence xi0,fe(i0) ≥ e. Since
xi0,fe(i0) ∈ ↓ K, there exists k ∈ K such that xi0,fe(i0) ≤ k. It follows that e ≪Irr x.
Thus, E is an irreducible subset such that E ⊆ ևIrr x and
∨
E ≥ x, and so by Lemma 4.6,
ևIrr x is irreducible and has x as its supremum. Therefore we have X is Irr-continuous. By
Proposition 3.9, X is also SI−-continuous.
Given a convergence class S in a set X, one defines a topology τS on X induced by
the convergence class, i.e., U ⊆X is in τS if and only if for every ((xi)i∈I , x) ∈ S, x ∈ U
implies xi ∈ U eventually. From the definition, one can easily see that S ⊆ SτS . The
reverse containment SτS ⊆S is not necessarily true, unless S is topological. Indeed, if S is a
topological convergence class in a set X, then the topology on X that induces it is τS [12].
12 H. ANDRADI AND W. K. HO
The following lemma provides the location of the topology τI on X with respect to the
underlying topology and irreducibly-derived topology, assuming that the Irr-convergence
class I in X is topological.
Lemma 4.8. Let X be a space in which the Irr-convergence class I is topological. Then
the topology τI is finer than the irreducibly-derived topology on X. If X is Irr
+-continuous
or SI-continuous, then the topology τI is coarser than the underlying topology.
Proof. Let xi
Irr
−→ x and U be open in SI(X) such that x ∈ U . Then there exists an
irreducible set E such that
∨
E ≥ x and for every e ∈ E, xi ≥ x eventually. Upperness of U
gives
∨
E ∈ U . Since U is inaccessible by suprema of irreducible sets, we have U contains an
element of E which is an eventually lower bound of the net (xi)i∈I . Hence (xi)i∈I converges
to x with respect topology on SI(X). Therefore, by Proposition 4.1, U is in τI .
Now let (xi)i∈I be a net converging to x with respect to the underlying topology on X.
If X is Irr+-continuous or SI-continuous, we are guaranteed to have an irreducible subset E
of ևIrr x whose supremum is x. For every g ∈ E, x is in the open set ։Irr g, hence g ≪Irr xi
eventually. This gives that E is a set of eventually lower bound of (xi)i∈I . We have that
(xi)i∈I Irr-converges to x. Thus τI is contained in the underlying topology on X, which
completes the proof.
Finally, our main result, i.e., Theorem 4.9 below, is an immediate consequence of
Lemma 4.5, Lemma 4.7, Lemma 4.8, and Theorem 2.4.
Theorem 4.9. (i) If X is an Irr-continuous sup-sober space, then the net convergence
class I in X is topological. In addition, if X also satisfies ⊕-property, then the topology
that induces I is exactly the underlying topology on X.
(ii) If X is a sup-sober space satisfying ∗-property in which the net convergence class I is
topological then X is both, Irr-continuous and SI−-continuous.
(iii) A sup-sober space X is SI−-continuous if and only if it satisfies ∗-property and the
net convergence class I in it is topological. In addition, if X also satisfies ⊕-property,
then the topology that induces I is exactly the underlying topology on X.
Corollary 4.10. In a sup-sober C-space, the topological convergence and Irr-convergence
coincide.
5. Conclusion
In this paper, we take a small step towards taking up the programme of exporting domain
theory to the more general context of a T0-space. The key strategy involved in our approach
is to simply replace directed subsets by irreducible sets – a methodology first introduced by
Zhao and Ho [20]. Recently, the importance of the role of irreducible (closed) sets in domain
theory has also been underscored in the solution of the Ho-Zhao problem in [9]. All these
indicate a need to carry out an in-depth and systematic enactment of the scientific program
proposed by Jimmie Lawson (as described in the introduction) via our present replacement
strategy. A significant part of our research objective is to see how much of domain theory
can be developed in the more general setting of topological spaces.
The main result we report herein characterises those sup-sober spaces satisfying the Irr-
continuity (or SI−-continuity) condition. The fundamental property that sup-sober spaces
X are invariant under the Scott derivative operator SI plays a key role in the many major
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arguments employed herein. The requirement of sup-sobriety seems indispensable in view
that sets of the form ։Irr x need not be τ -open in an Irr-continuous or SI
−-continuous space
(X, τ). The present work can be seen as a preliminary investigation of sup-sober spaces
which were first introduced in [20]. We believe that sup-sobriety of spaces is an interesting
topic which deserve a more thorough study on its own right.
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